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A stohasti bakground of reli gravitational waves is ahieved by the so alled adiabatially-
amplied zero-point utuations proess derived from early ination. In priniple, it provides a
distintive spetrum of reli gravitational waves. In the framework of salar-tensor gravity, we disuss
the salar modes of gravitational waves and the primordial prodution of this salar omponent whih
is generated beside tensorial one. We disuss also the upper limit for suh a reli salar omponent
with respet to the WMAP onstraints.
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The design and the onstrution of a number of sensitive detetors for gravitational waves (GWs) is underway today.
There are some laser interferometers like the VIRGO detetor, built in Casina, near Pisa, Italy, by a joint Italian-
Frenh ollaboration, the GEO 600 detetor built in Hanover, Germany, by a joint Anglo-German ollaboration, the
two LIGO detetors built in the United States (one in Hanford, Washington and the other in Livingston, Louisiana)
by a joint Calteh-Mit ollaboration, and the TAMA 300 detetor, in Tokyo, Japan. Many bar detetors are urrently
in operation too, and several interferometers and bars are in a phase of planning and proposal stages (for the urrent
status of gravitational waves experiments see [1, 2℄). The results of these detetors will have a fundamental impat on
astrophysis and gravitation physis. There will be a huge amount of experimental data to be analyzed, and theorists
would fae new aspets of physis from suh a data stream. Furthermore, GW detetors will be of fundamental
importane to probe the General Relativity or every alternative theory of gravitation [3, 4, 5, 6℄. A possible target of
these experiments is the so alled stohasti bakground of gravitational waves [7, 8, 9, 10, 11℄. The prodution of the
primordial part of this stohasti bakground (reli GWs) is well known in literature starting from the works by [7℄
and [10℄, whih, using the so alled adiabatially-amplied zero-point utuations proess, have shown in two dierent
ways how the inationary senario for the early universe an, in priniple, provide the signature for the spetrum of
reli GWs.
In this letter, after a short summary of salar-tensor gravity admitting the existene of GW salar modes, the
primordial prodution of this salar omponent is disussed. Besides, the results are onfronted to the WMAP data
[12, 13℄ in order to ahieve an upper limit for the salar part of reli GWs.
Salar-tensor gravity theories are a partiular ase of Extended Theories of Gravity whih are revealing a useful
paradigm to deal with several problems in osmology, astrophysis and fundamental physis (for a omprehensive
disussion see, for example [14, 15℄). In the most general ase, onsidering only the Rii salar among the urvature
invariants, they arises from the ation
S =
∫
d4x
√−g
[
F (R,R,2R,kR, φ)− ǫ
2
gµνφ;µφ;ν + Lm
]
, (1)
where F is an unspeied funtion of urvature invariants and of a salar eld φ and  is the D'Alembert operator.
The term Lm is the minimally oupled ordinary matter ontribution. Salar-tensor gravity, is reovered from (1)
through the hoie
F (R, φ) = f(φ)R − V (φ), ǫ = −1 . (2)
Considering (2), a general ation for salar-tensor gravity in four dimensions is
S =
∫
d4x
√−g
[
f(φ)R +
1
2
gµνφ;µφ;ν − V (φ) + Lm
]
, (3)
2whih an be reast in a Brans-Dike-like form [16℄ by
ϕ = f(φ) , ω(ϕ) = f(φ)2′f(φ) , W (ϕ) = V (φ(ϕ))
, ,
(4)
and then
S =
∫
d4x
√−g
[
ϕR− ω(ϕ)
ϕ
gµνϕ;µϕ;ν −W (ϕ) + Lm
]
. (5)
By varying the ation (5) with respet to gµν , we obtain the eld equations
Gµν = − 4piG˜ϕ T
(m)
µν +
ω(ϕ)
ϕ2 (ϕ;µϕ;ν − 12gµνgαβϕ;αϕ;β)+
+ 1ϕ (ϕ;µν − gµνϕ) + 12ϕgµνW (ϕ)
(6)
while the variation with respet to ϕ gives the Klein - Gordon equation
ϕ =
1
2ω(ϕ) + 3
[
−4πG˜T (m) + 2W (ϕ) + ϕW ′(ϕ) + dω(ϕ)
dϕ
gµνϕ;µϕ;ν
]
. (7)
We are assuming physial units G = 1, c = 1 and ~ = 1. T
(m)
µν is the matter stress-energy tensor and G˜ is a
dimensional, stritly positive, gravitational oupling onstant [4, 5℄. The Newton onstant is replaed by the eetive
oupling
Geff = − 1
2ϕ
, (8)
whih is, in general, dierent from G. General Relativity is reovered for
ϕ = ϕ0 = −1
2
. (9)
In order to study gravitational waves, we assume rst-order, small perturbations in vauum (T
(m)
µν = 0). This means
gµν = ηµν + hµν , ϕ = ϕ0 + δϕ (10)
and
W ≃ 1
2
αδϕ2 ⇒W ′ ≃ αδϕ (11)
for the self-interating, salar-eld potential. These assumptions allow to derive the "linearized" urvature invariants
R˜µνρσ , R˜µν and R˜ whih orrespond to Rµνρσ , Rµν and R, and then the linearized eld equations [5, 17℄
R˜µν − eR2 ηµν = −∂µ∂νΦ+ ηµνΦ
Φ = m2Φ,
(12)
where
Φ ≡ −δϕ
ϕ0
, m2 ≡ αϕ0
2ω + 3
. (13)
The ase ω = const and W = 0 has been analyzed in [5℄ onsidering the so-alled anonial linearization [17℄. In
partiular, the transverse-traeless (TT) gauge (see [17℄) an be generalized to salar-tensor gravity obtaining the
total perturbation of a GW inoming in the z+ diretion in this gauge as
hµν(t− z) = A+(t− z)e(+)µν +A×(t− z)e(×)µν +Φ(t− z)e(s)µν . (14)
The term A+(t − z)e(+)µν + A×(t − z)e(×)µν desribes the two standard (i.e. tensorial) polarizations of a gravitational
wave arising from General Relativity in the TT gauge [17℄, while the term Φ(t − z)e(s)µν is the extension of the TT
3gauge to the salar ase. This means that, in salar-tensor gravity, the salar eld generates a third omponent for
the tensor polarization of GWs. This is beause three dierent degrees of freedom are present (see Eq.(32) of [5℄),
while only two are present in standard General Relativity.
Let us now take into aount the primordial physial proess whih gave rise to a harateristi spetrum Ωsgw for
the early stohasti bakground of reli salar GWs. The prodution physial proess has been analyzed, for example,
in [7, 10, 18℄ but only for the rst two tensorial omponents of eq. (14) due to standard General Relativity. Atually
the proess an be improved onsidering also the third salar-tensor omponent.
Before starting with the analysis, it has to be emphasized that, onsidering a stohasti bakground of salar GWs,
it an be desribed in terms of the salar eld Φ and haraterized by a dimensionless spetrum (see the analogous
denition for tensorial waves in [7, 8, 9, 10℄)
Ωsgw(f) =
1
ρc
dρsgw
d ln f
, (15)
where
ρc ≡ 3H
2
0
8πG
(16)
is the (atual) ritial energy density of the Universe, H0 the today observed Hubble expansion rate, and dρsgw is the
energy density of the salar part of the gravitational radiation ontained in the frequeny range f to f + df . We are
onsidering now standard units.
The existene of a reli stohasti bakground of salar GWs is a onsequene of general assumptions. Essentially it
derives from basi priniples of Quantum Field Theory and General Relativity. The strong variations of gravitational
eld in the early Universe amplies the zero-point quantum utuations and produes reli GWs. It is well known
that the detetion of reli GWs is the only way to learn about the evolution of the very early universe, up to the
bounds of the Plank epoh and the initial singularity [7, 8, 9, 10, 11℄. It is very important to stress the unavoidable
and fundamental harater of suh a mehanism. It diretly derives from the inationary senario [19, 20℄, whih well
t the WMAP data in partiular good agreement with almost exponential ination and spetral index ≈ 1, [12, 13℄.
A remarkable fat about the inationary senario is that it ontains a natural mehanism whih gives rise to
perturbations for any eld. It is important for our aims that suh a mehanism provides also a distintive spetrum
for reli salar GWs. These perturbations in inationary osmology arise from the most basi quantum mehanial
eet: the unertainty priniple. In this way, the spetrum of reli GWs that we ould detet today is nothing else
but the adiabatially-amplied zero-point utuations [7, 10℄. The alulation for a simple inationary model an be
performed for the salar eld omponent of eq. (14). Let us assume that the early Universe is desribed an inationary
de Sitter phase emerging in a radiation dominated phase [7, 8, 10℄. The onformal metri element is
ds2 = a2(η)[−dη2 + d−→x 2 + hµν(η,−→x )dxµdxν ], (17)
where, for a purely salar GW the metri perturbation (14) redues to
hµν = Φe
(s)
µν , (18)
Following [7, 10℄, in the de Sitter phase, we have:
η < η1 onformal time
P = −ρ equation of state
η21η
−1
0 (2η − η)−1 sale fator
Hds = cη0/η
2
1 Hubble onstant
while, in the radiation dominated phase we have, respetively,
η > η1 onformal time
P = ρ/3 equation of state
η/η0 sale fator
H = cη0/η
2
Hubble onstant
4η1 is the ination-radiation transition onformal time and η0 is the value of onformal time today. If we express the
sale fator in terms of omoving time cdt = a(t)dη, we have
a(t) ∝ exp(Hdst) , a(t) ∝
√
t (19)
for the de Sitter and radiation phases respetively. In order to solve the horizon and atness problems, the ondition
a(η0)
a(η1)
> 1027 has to be satised. The reli salar-tensor GWs are the weak perturbations hµν(η,−→x ) of the metri (18)
whih an be written in the form
hµν = e
(s)
µν (kˆ)X(η) exp(
−→
k · −→x ), (20)
in terms of the onformal time η where
−→
k is a onstant wavevetor. From Eq.(20), the salar omponent is
Φ(η,
−→
k ,−→x ) = X(η) exp(−→k · −→x ). (21)
Assuming Y (η) = a(η)X(η), from the Klein-Gordon equation in the FRW metri, one gets
Y ′′ + (|−→k |2 − a
′′
a
)Y = 0 (22)
where the prime
′
denotes derivative with respet to the onformal time. The solutions of Eq. (22) an be expressed
in terms of Hankel funtions in both the inationary and radiation dominated eras, that is:
For η < η1
X(η) =
a(η1)
a(η)
[1 +Hdsω
−1] exp−ik(η − η1), (23)
for η > η1
X(η) =
a(η1)
a(η)
[α exp−ik(η − η1) + β exp ik(η − η1), (24)
where ω = ck/a is the angular frequeny of the wave (whih is funtion of the time being k = |−→k | onstant), α and
β are time-independent onstants whih we an obtain demanding that both X and dX/dη are ontinuous at the
boundary η = η1 between the inationary and the radiation dominated eras. By this onstraint, we obtain
α = 1 + i
√
HdsH0
ω
− HdsH0
2ω2
, β =
HdsH0
2ω2
(25)
In Eqs. (25), ω = ck/a(η0) is the angular frequeny as observed today, H0 = c/η0 is the Hubble expansion rate as
observed today. Suh alulations are referred in literature as the Bogoliubov oeient methods [7, 10℄.
In an inationary senario, every lassial or marosopi perturbation is damped out by the ination, i.e. the
minimum allowed level of utuations is that required by the unertainty priniple. The solution (23) orresponds to a
de Sitter vauum state. If the period of ination is long enough, the today observable properties of the Universe should
be indistinguishable from the properties of a Universe started in the de Sitter vauum state. In the radiation dominated
phase, the eigenmodes whih desribe partiles are the oeients of α, and these whih desribe antipartiles are
the oeients of β (see also [21℄). Thus, the number of partiles reated at angular frequeny ω in the radiation
dominated phase is given by
Nω = |βω |2 =
(
HdsH0
2ω2
)2
. (26)
Now it is possible to write an expression for the energy density of the stohasti salar reli gravitons bakground in
the frequeny interval (ω, ω + dω) as
dρsgw = 2~ω
(
ω2dω
2π2c3
)
Nω =
~H2dsH
2
0
4π2c3
dω
ω
=
~H2dsH
2
0
4π2c3
df
f
, (27)
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Figure 1: The spetrum of reli salar GWs in inationary models is at over a wide range of frequenies. The horizontal axis
is log
10
of frequeny, in Hz. The vertial axis is log
10
Ωgsw . The inationary spetrum rises quikly at low frequenies (wave
whih re-entered in the Hubble sphere after the Universe beame matter dominated) and falls o above the (appropriately
redshifted) frequeny sale fmax assoiated with the fastest harateristi time of the phase transition at the end of ination.
The amplitude of the at region depends only on the energy density during the inationary stage; we have hosen the largest
amplitude onsistent with the WMAP onstrains on salar perturbations. This means that at LIGO and LISA frequenies,
Ωsgw < 2.3 ∗ 10
−12
where f , as above, is the frequeny in standard omoving time. Eq. (27) an be rewritten in terms of the today and
de Sitter value of energy density being
H0 =
8πGρc
3c2
, Hds =
8πGρds
3c2
. (28)
Introduing the Plank density ρPlanck =
c7
~G2
the spetrum is given by
Ωsgw(f) =
1
ρc
dρsgw
d ln f
=
f
ρc
dρsgw
df
=
16
9
ρds
ρPlanck
. (29)
At this point, some omments are in order. First of all, suh a alulation works for a simplied model that does not
inlude the matter dominated era. If also suh an era is also inluded, the redshift at equivalene epoh has to be
onsidered. Taking into aount also results in [18℄, we get
Ωsgw(f) =
16
9
ρds
ρPlanck
(1 + zeq)
−1, (30)
for the waves whih, at the epoh in whih the Universe beomes matter dominated, have a frequeny higher than
Heq, the Hubble parameter at equivalene. This situation orresponds to frequenies f > (1+zeq)
1/2H0. The redshift
orretion in Eq.(30) is needed sine the today observed Hubble parameter H0 would result dierent without a matter
dominated ontribution. At lower frequenies, the spetrum is given by [7, 10℄
Ωsgw(f) ∝ f−2. (31)
As a further onsideration, let us note that the results (29) and (30), whih are not frequeny dependent, does not
work orretly in all the range of physial frequenies. For waves with frequenies less than today observed H0, the
6notion of energy density has no sense, sine the wavelength beomes longer than the Hubble sale of the Universe.
In analogous way, at high frequenies, there is a maximal frequeny above whih the spetrum rapidly drops to
zero. In the above alulation, the simple assumption that the phase transition from the inationary to the radiation
dominated epoh is instantaneous has been made. In the physial Universe, this proess ours over some time sale
∆τ , being
fmax =
a(t1)
a(t0)
1
∆τ
, (32)
whih is the redshifted rate of the transition. In any ase, Ωsgw drops rapidly. The two utos at low and high
frequenies for the spetrum guarantee that the total energy density of the reli salar gravitons is nite. For GUT
energy-sale ination it is of the order [7℄
ρds
ρPlanck
≈ 10−12. (33)
These results an be quantitatively onstrained onsidering the reent WMAP release. In fat, it is well known that
WMAP observations put strongly severe restritions on the spetrum. In Fig. 1 the spetrum Ωsgw is mapped :
onsidering the ratio ρds/ρPlanck, the reli salar GW spetrum seems onsistent with the WMAP onstraints on
salar perturbations. Nevertheless, sine the spetrum falls o ∝ f−2 at low frequenies, this means that today, at
LIGO-VIRGO and LISA frequenies (indiated in g. 1), one gets
Ωsgw(f)h
2
100 < 2.3× 10−12. (34)
It is interesting to alulate the orresponding strain at ≈ 100Hz, where interferometers like VIRGO and LIGO reah
a maximum in sensitivity. The well known equation for the harateristi amplitude [7, 10, 11℄ adapted to the salar
omponent of GWs an be used:
Φc(f) ≃ 1.26× 10−18(1Hz
f
)
√
h2100Ωsgw(f), (35)
and then we obtain
Φc(100Hz) < 2× 10−26. (36)
Then, sine we expet a sensitivity of the order of 10−22 for the above interferometers at ≈ 100Hz, we need to
gain four order of magnitude. Let us analyze the situation also at smaller frequenies. The sensitivity of the VIRGO
interferometer is of the order of 10−21 at ≈ 10Hz and in that ase it is
Φc(100Hz) < 2× 10−25. (37)
The sensitivity of the LISA interferometer will be of the order of 10−22 at ≈ 10−3Hz and in that ase it is
Φc(100Hz) < 2× 10−21. (38)
This means that a stohasti bakground of reli salar GWs ould be, in priniple, deteted by the LISA interferom-
eter.
In summary, the above results point out that a further salar omponent of GWs, oming from Extended Theories
of Gravity, should be seriously onsidered in the signal detetion of interferometers. As already disussed in [21℄, this
fat ould onstitute an independent test for alternative theories of gravity or a further probe for General Relativity
apable of ruling out other theories.
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